Introduction.
In this paper we investigate one of the most natural multidimensional geometric generalizations of continued fractions, so called Klein polyhedra.
Continued fractions admit a rather elegant geometric interpretation (see [1] ), which can be described as follows. Given a number α: 0 < α < 1, consider a two-dimensional lattice Λ α with basic vectors (1, 1 − α) and (0, 1). The convex hull of nonzero points of the lattice Λ α with nonnegative coordinates is called a Klein polygon. The integer lengths of a Klein polygon's bounded edges are equal to the correspondent partial quotients of the number α with odd indexes, and the integer angles between pairs of adjacent edges are equal to the partial quotients with even indexes.
The multidimensional generalization of this construction is called a Klein polyhedron. Let Λ ⊂ R n be an n-dimensional lattice with determinant 1. Definition 1. The convex hull K of nonzero points of the lattice Λ with nonnegative coordinates is called a Klein polyhedron of the lattice Λ.
We will confine ourselves to the case of an irrational Λ, i.e. we suppose there are no lattice points on the coordinate planes except for the origin 0. Then, as is shown in [3] , the Klein polyhedron is a generalized polyhedron, which means that its intersection with an arbitrary bounded polyhedron is itself a polyhedron. Hence the boundary of K is in this case an (n − 1)-dimensional polyhedral surface homeomorphic to R n−1 and consisting of convex (n − 1)-dimensional (generalized) polyhedra, among which, generally speaking, may be unbounded ones. But in any case each point lying on the boundary of K belongs merely to a finite number of K's faces.
Definition 2. The boundary Π of a Klein polyhedron K is called a sail.
A few years ago V. I. Arnold put a question which local affine invariants of a sail are sufficient to reconstruct the lattice. This question in its initial formulation remains unanswered. However in the current paper we obtained a connection between some local affine invariants of a sail and the property of a lattice to have positive norm minimum.
2 Determinants of faces and determinants of edge stars of a Klein polyhedron.
In the n-dimensional case the role of one half of partial quotients will be played by a sail's faces of dimension n − 1, and the role of another half will be played by edge stars of a sail's vertices. As a numerical characteristic of these "partial quotients" we will consider their "determinants".
Definition 4. Let F be an arbitrary (n − 1)-dimensional face of a sail Π and let v 1 , . . . , v m be the vertices of F . Then by determinant of the face F we will mean the value det F = det(v 1 , . . . , v m ).
Definition 5. Suppose a vertex v of a sail Π is incident to m edges. Denote by r 1 , . . . , r m the primitive vectors of the lattice Λ generating these edges. Then by determinant of the edge star St v of the vertex v we will mean the value det St v = det(r 1 , . . . , r m ).
It is clear that when n = 2, that is when the sail is one-dimensional, the determinants of the sail's edges are equal to the integer lengths of these edges, and the determinants of the edge stars of vertices are equal to the integer angles between the correspondent edges.
Note that we can also define the determinant of vectors v 1 , . . . , v m as the volume of the Minkowski sum of these vectors: Statement 1. The determinant of vectors v 1 , . . . , v m is equal to the volume of their Minkowski sum, i.e.
The main result of this paper is the multidimensional generalization of well-known statement that a number is badly approximable if and only if its partial quotients are bounded. Remind that a number α is called badly approximable if there exists such a constant c > 0, that for all integer p and natural q the following inequality holds:
Since as a multidimensional generalization of continued fractions we consider Klein polygons, then it is natural to consider the property of a lattice Λ to have a positive norm minimum as a multidimensional analog of the property of a number to be badly approximable.
Definition 6. Norm minimum of a lattice Λ is defined as
Now that we have given all the needed definitions we can formulate our main result: When proving the theorem 1 we essentially use the results of paper [2] . But to be precise, the definition of a face's determinant in [2] is somewhat different from the definition 4.
However it quite clear that the uniform boundedness of faces' determinants from [2] is equivalent to the uniform boundedness of faces' determinants from the definition 4.
3 Connection with Littlewood and Oppenheim conjectures.
The following two hypotheses are classic:
Oppenheim conjecture. If n 3 and Λ ⊂ R n is an n-dimensional lattice with N (Λ) > 0, then Λ is algebraic (i.e. similar modulo the action of the group of diagonal matrices to the lattice of a complete module of a totally real algebraic field of degree n).
It is known (see [4] ) that the three-dimensional Oppenheim conjecture implies the Littlewood conjecture. In papers [5] and [6] an attempt was made to prove the Oppenheim conjecture, however there is an essential gap in the proof. Thus both conjectures remain unproved.
Theorem 1 allows to reformulate the Oppenheim conjecture in the following way:
Reformulated Oppenheim conjecture. If n 3 and the sail Π generated by an n-dimensional lattice Λ ⊂ R n is such that all its faces and edge stars of vertices have uniformly bounded determinants then Λ is algebraic.
It is generally known that in case n = 2 such a statement does not take place as far as the set of numbers with bounded partial quotients does not add up to the set of quadratic surds.
4 Uniform boundedness of a sail's faces' determinants.
Denote by S(F ) the intersection of the plane of a sail's face F and the positive orthant. In [2] the following is proved: Proof. It is enough to consider a face F of the sail Π containing a point x, note that ϕ(x) < det S(F ) and apply theorem 2. Proof. Due to the theorem 2, there exists a constant D ′ depending only on n and D, such that det S(F ) D ′ for each face F of the sail Π.
On the other hand,
that if an edge incident to the vertex v has length larger than D v , then for each face F incident to this edge det S(F ) > D ′ .
Therefore the lengths of all the edges incident to v do not exceed D v .
5 Dual lattice and polar polyhedron.
Definition 7. Let K be the Klein polyhedron generated by a lattice Λ. Then by polar polyhedron for the polyhedron K we will mean the set
Definition
The lattice Λ * also generates a Klein polyhedron, which we will denote by K * . From the fact that (x, y) ∈ Z for all x ∈ Λ and y ∈ Λ * it easily follows that Statement 2. If the boundary of the positive orthant contains no nonzero points of lattices Λ and Λ * , then K * ⊆ K • .
Between k-dimensional faces of K and (n − k)-dimensional faces of K • there is a one-toone correspondence preserving incidence. In particular, to each vertex v of the polyhedron K corresponds an (n − 1)-dimensional face F v of the polyhedron K • , and (v,
To prove lemma 3 we will need the following two auxiliary statements. By conv(M ) we will denote the convex hull of a set M .
Lemma 4. Let
Then
Proof. Denote by r * 1 , . . . , r * n the basis of R n , dual to the basis r 1 , . . . , r n , i.e. such vectors that (r i , r * j ) = δ ij . Then |w i | det F i = |r * i || det(r 1 , . . . , r n )|, which implies that
If P is a polyhedron then by int P we will denote the interior of P and by ext P the set of its vertices. By c(x 1 , . . . , x m ) we will denote the center of mass of points x 1 , . . . , x m .
Lemma 5. Let P be a convex (n − 1)-dimensional polyhedron. Let T be an arbitrary partition of the boundary of P into (closed) simplexes with vertices from ext P . Then
Proof. Let x ∈ int P . Then there obviously exists such a simplex ∆ ∈ T, that x ∈ conv(∆ ∪ {c(P )}). It remains to note that the set conv(∆ ∪ {c(P )}) ∩ int P is contained in int (conv(∆ ∪ {c(ext P \ext ∆)})).
Proof of lemma 3. Having applied an appropriate hyperbolic rotation we may consider the point v to have equal coordinates v 1 = . . . = v n . Suppose v is incident to m edges of the sail Π. Denote by r 1 , . . . , r m the primitive vectors of the lattice Λ generating these edges. Denote P = conv(r 1 , . . . , r m ) and consider an arbitrary point λv ∈ int P .
If dim P = n, then due to lemma 5 we can renumber the vectors r 1 , . . . , r m so that there would exist strictly positive numbers λ 0 , . . . , λ n , such that λv = λ 0 r 0 + . . . + λ n r n , where r 0 = (r n+1 + . . . + r m )/(m − n). Hence there will exist such vectors c 1 , . . . , c n ∈ {r 0 , . . . , r n } that λv = µ 1 c 1 + . . . + µ n c n with positive µ i .
In case dim P = n−1, by lemma 5 λv = λ 0 r 0 +. . .+λ n−1 r n−1 with strictly positive λ i and with r 0 = (r n +. . .+r m )/(m−n+1). In this case we assume at once c i = r i−1 , µ i = λ i−1 , i = 1, . . . , n.
It is quite clear that F v ⊆ F c , where
for all ν 1 0, . . . , ν n 0 .
Since the coefficients µ i are all positive, the polyhedron F c is bounded, and by virtue of lemma 4
It remains to make use of inclusion F v ⊆ F c , definition of vector r 0 and positiveness of µ i , which will yield the needed estimate.
6 Separability of the form ϕ(x) from zero in the positive orthant. 
In virtue of lemma 3, the determinants of faces of the polyhedron K • are bounded by D n−1 . Let us prove the existence of a constant D ′ depending only on n and D, which bounds the determinants of faces of the polyhedron K * . Due to inclusion D! · K • ⊆ K * , it suffices to show that the number of the faces of the polyhedron K • cut off by an arbitrary supporting plane of the polyhedron D! · K • is bounded by a constant, which depends only on n and D. And this follows easily from the fact that the number of faces of K • , incident to an arbitrary vertex of K • , and the integer distance between the planes of the polyhedra F and D! · F , where F is an arbitrary face of the polyhedron D! · K • , are bounded by constants depending only on n and D.
Thus all the faces of the polyhedron K * have determinants bounded by a constant D ′ depending only on n and D. Hence, by theorem 2, the sections of the positive orthant containing faces of the polyhedron K * have determinants bounded by a constant D ′′ also depending only on n and D. In paper [2] it is shown that in this case ϕ(v) (D ′′ ) −1 for each vertex v of the polyhedron (K * ) * = K. It remains to set µ = (D ′′ ) −1 .
Logarithmic plane.
Denote the positive orthant by O + . Consider two maps:
and their composition
The image of a sail Π under the map π log generates a partition of R n−1 into cells, which are curvilinear polyhedra. Each cell is the image of some face of the sail. Respectively, each vertex of the partition is the image of some vertex of the sail.
Denote this partition by P. If we now consider an arbitrary ball B ⊂ π log (Π) of radius D ′ = 2D 3 , then the cell containing the center of B is contained in a ball of radius D 3 , which in its turn is contained in B.
8 Proof of theorem 1.
As before, we will denote by S(F ) the intersection of the plane of a sail's face F and the positive orthant.
1. One of the two implications in theorem 1 has a rather simple proof. Suppose N (Λ) = µ > 0. Then, as is shown in [2] , there exists a constant D depending only on n and µ, such that det S(F ) D for each face F of the sail Π. In particular, it obviously implies that the determinants of the sail's faces are also bounded by D. It remains to prove the analogous statement on the edge stars of the sail's vertices. Consider an arbitrary vertex v of the sail Π. Having applied an appropriate hyperbolic rotation we may consider the point v to have equal coordinates v 1 = . . . = v n µ 1/n . Then by lemma 2 the lengths of all the edges incident to v are bounded by a constant D v = D v (n, µ). This implies that the number of edges incident to v does not exceed some constant m v = m v (n, µ), as far as otherwise a ball of radius D v contains too many lattice points. Now it is obvious that det
2. The proof of the converse is more difficult. We will have to consider not only the orthant O + , but all the 2 n orthants. In each of these 2 n orthants one can define a Klein polyhedron and a sail. In the paper [2] it is shown that if all the faces of all the 2 n sails have determinants bounded by some constant D, then there exists a constant µ > 0 depending only on n and D, such that N (Λ) µ. Therefore it suffices to prove the existence of a constant bounding the determinants of the faces of all the 2 n sails.
So let us assume that the faces and the edge stars of the vertices of the sail Π have determinants bounded by a constant D. Then by lemma 6 there exists such a constant µ = µ(n, D) > 0 that for each vertex v of the sail Π holds the inequality ϕ(v) µ, which means that the conditions of lemma 7 are satisfied.
Consider an arbitrary orthant O different from O + and −O + . Consider an arbitrary face F of the sail corresponding to this orthant. Having applied an appropriate hyperbolic rotation we may consider the face F to be orthogonal to the bisector line of the orthant O. Set Q(T ) = x ∈ R n max(|x 1 |, . . . , |x n |) < T , Q + (T ) = x ∈ Q(T ) x i > 0, i = 1, . . . , n and T 0 = n −1/2 (det F ) 1/n .
It is clear that Q(T 0 ) ∩ O ∩ Λ = {0}.
In virtue of lemmas 1 and 7 there exists a constant T 1 = T 1 (n, D), such that the set π log (Π ∩ Q + ( √ T 1 )) contains a cell of the partition P, and hence a vertex of this partition. This means that Q + ( √ T ) contains a vertex v of the sail Π whenever T T 1 . Consider the parallelepiped
for T T 1 . It follows from lemmas 1, 6 and 7 that there exists a constant T 2 T 1 , also depending only on n and D, such that the set π log (Π ∩ P (v, T 2 )) contains a cell, and hence a vertex, of the partition P. This means that P (v, T 2 ) contains a vertex of the sail Π, different from v, whenever T T 2 .
But the parallelepiped P (v, T 0 ) − v is contained in the parallelepiped Q(T 0 ) ∩ O. Therefore T 0 < T 2 , as far as Q(T 0 ) ∩ O ∩ Λ = {0}.
Thus we have proved that det F is bounded by a constant depending only on n and D. Consequently there exists a constant µ > 0 depending only on n and D, such that N (Λ) µ.
